Abstract: We study a holomorphic equivariant cohomology built out of the Atiyah algebroid of an equivariant holomorphic vector bundle and prove a related localization formula. This encompasses various residue formulas in complex geometry, in particular we shall show that it contains as special cases Carrell-Liebermann's and Feng-Ma's residue formulas, and Baum-Bott's formula for the zeroes of a meromorphic vector field.
Introduction
In his fundamental paper [5] , Bott wrote formulas allowing to express the Chern numbers of a compact manifold X in terms of the zeroes of a vector field on X . This was done in two cases, for a holomorphic vector field (when X is a complex manifold), and for a vector field preserving a Riemannian metric on X . The second case was later better understood in the setting of equivariant cohomology [2] : one can introduce an equivariant de Rham complex, and the integral of any cocycle can be expressed in terms of its restrictions to the fixed points of the group action (which is an S 1 action for the case of a vector field preserving a Riemannian metric).
The analogy between the two cases, the holomorphic and the Riemannian one, is not complete. However, it is possible to define some kind of "formally equivariant" Dolbeault complex and derive from it localization formulas, see e.g. [16] . Our goal in this paper is to propose a comprehensive approach to holomorphic equivariant cohomology. We start from the holomorphic Atiyah algebroids D E associated to a holomorphic vector bundle E on a complex manifold X , and assuming that there is a vector field on X that may be lifted to a section of D E , we introduce a holomorphic equivariant complex and prove a related localization formula, Section 2. When E = {0} this cohomology essentially reduces to Liu's holomorphic equivariant cohomology [16] . By considering a twist by an effective line bundle, we can also prove a general localization formula related to the action of a meromorphic vector field.
Our localization formula contains the Baum-Bott formula [3] , the Feng-Ma localization formula [11] , and the CarrellLiebermann residue formula [8, 9] as special cases. In all instances our approach produces significant simplifications with respect to the original proofs. Let us explain in which sense these formulas are special cases of ours. One of the ingredients of the theory is a (in general, meromorphic) vector field V on X , which is lifted to a first-order differential operator acting on a holomorphic vector bundle E . This lift is in general obstructed, therefore one needs to assume its existence. This is what we do, and is one of the assumptions of the Carrell-Liebermann formula; our formula is more general than the latter because we compute the integral of any cocycle in a certain cohomology complex that we associate with V and E , while the Carrell-Liebermann formula computes the integral of a polynomial in the Atiyah class of E .
A special situation arises when E is the holomorphic tangent bundle Θ X . If the vector field V is holomorphic, it always has a lift to a differential operator on Θ X , namely, the Lie derivative £ X . Thus one gets a generalization of Bott formula [5] , or, if one integrates a polynomial in the Chern classes of X , Bott's formula itself.
If V is meromorphic, i.e., it is a section of Θ X ⊗ L for some effective line bundle L , in general it does not lift. There are two ways out of this problem. Either one just treats the special case when the obstruction vanishes; this produces a particular case of our localization formula (17). Or, one realizes that even if V does not lift, it actually defines a residue (as noticed by Carrell [7] , see also subsection 4.5 of this paper). However, this residue does not compute a characteristic number of the tangent bundle Θ X , but rather a characteristic number of the virtual bundle Θ X − L * . Thus one obtains Baum-Bott's formula.
Further investigations along this line would naturally lead to considering generalizations of the holomorphic Lefschetz formulas and applications to Courant algebroids, e.g., in connection to generalized complex geometry, cf. [15] .
Twisted holomorphic equivariant cohomology
Let X be an -dimensional compact complex manifold. We shall denote by Θ X its holomorphic tangent bundle and by T X its tangent bundle when X is regarded as a 2 -dimensional smooth differentiable manifold. Ω X will denote the bundle of holomorphic -forms on X , while Ω X C will denote the bundle of complex-valued smooth -forms, and Ω X the bundle of forms of type ( ). (In general, we shall not use a different notation for a bundle and its sheaf of sections.) The symbol Γ will denote global sections.
We shall not use any Lie algebroid theory here but one should note that our constructions are quite heavily motivated and suggested by that theory [6, 10, 14] .
The Atiyah algebroid
If E is a (rank ) holomorphic vector bundle on X we shall denote by D E the bundle of first order differential operators on E with scalar symbol. D E sits inside an exact sequence of sheaves of O X -modules
where σ is the symbol map. D E is actually an example of a holomorphic Lie algebroid [10, 14] , with bracket defined on its sections by the commutator of differential operators, and the symbol map σ playing the role of anchor. The class in (E ) ∈ Ext 1 (Θ X End(E )) defining the extension (1) is called the Atiyah class of E , and it is the obstruction to the existence of holomorphic connections on E [1] . We shall assume throughout that a global holomorphic vector field V on X has been fixed, which admits a lift V in Γ(D E ). The pair (E V ) is called an equivariant holomorphic vector bundle.
The cohomology complex
We want to define a "holomorphic equivariant" cohomology complex associated with the Atiyah algebroid D E . We set
Note that the line bundle det D E is isomorphic to the determinant of the complexified tangent bundle T X ⊗ C. Moreover, combining the symbol map with the inner product one defines a morphism
We define a morphism :
This map is an isomorphism when E = {0}. By using this map we can integrate sections of Q • E , i.e., if γ ∈ Q • E (X ), and X is compact, by X γ we mean X (γ).
We define an "equivariant" complex Q
with the usual equivariant grading deg(P ⊗ β) = 2 deg P + deg β if P is a monomial in and β ∈ Q • E . We also define a differential
where ∂ D E is any of the Cauchy-Riemann operators of the holomorphic bundles Λ D E * . We have
E , and an easy computation shows that δ 2 V = 0, so that (Q • E δ V ) is a cohomology complex. We denote its cohomology by
There is a relation between the complex Q • 0 that one obtains by setting E = {0} in Q • E and Liu's holomorphic equivariant de Rham complex [16] . Liu's complex is defined letting
with a differential δ = ∂ − V for some value of . One has, for every , cohomology complexes (A ( ) δ ), where the index ranges from − to . Liu shows that the corresponding cohomology groups H ( ) (X ) are independent of , provided = 0. We shall denote them by H formed by classes of cocycles in the subspace 
If we define the element in Q (4) is equivalent to δ V ξ = 0. Thus we obtain a class in H 2 + V (X ). Conversely, given a cocycle representing a class in this space, the previous computation shows that evaluating it at = 1 we get a class in H ( ) 1 (X ). The same is true for any * ∈ C * .
In particular, H (0) Liu (X ) is isomorphic to the subspace of H V (X ) generated over C[ ] by the classes in Ω (X ).
Localization
We turn now to the construction of a localization formula for the holomorphic equivariant cohomology H
• V (E ) we introduced in subsection 2.2. Since we want to cover also the case when the vector field V has nonsimple zeroes, we need to introduce the notion of Grothendieck residue [8, 13] .
The Grothendieck residue
We recall here the definition as given in [8] . Let us start with the situation where we have a line bundle L on C , and sections 
In the particular case when the zero of V at 0 is nondegenerate, so that the Jacobian determinant J( 1 ) 0 of the partial derivatives of the components at 0 does not vanish, one can write
An algorithm to get an explicit expression for the Grothendieck residue in the general case (i.e., when V has degenerate zeroes) is given in [3] . The residue (6) is independent of the choices of the coordinates, and defines a morphism
where Z is the closed 0-dimensional subscheme of X given by the zeroes of V (more precisely, Z is the subscheme associated with the sheaf of ideals
The previous discussion implies the following result.
Lemma 3.1.
If V has isolated nondegenerate zeroes { }, one has
Res V Z ( ) = ( ) det L V where L V : Θ X → (Θ X ⊗ L ) is the linear transformation defined as L V ( ) = [V ]. Note that det L V ∈ L .
The localization formula
We consider at first a localization formula in the case when the line bundle involved in the definition of the Grothendieck residue is trivial, L = O X .
Theorem 3.2.

Let X be an -dimensional compact complex manifold, E a holomorphic vector bundle on X , and V a holomorphic vector field on X which lifts to a section of D E and has isolated zeroes. If γ ∈ Q
• E is such that δ V γ = 0, we have
where Z is the scheme of the zeroes of V .
Remark 3.3.
If the zeroes { } are nondegenerate, in view of Lemma 3.1 the localization formula may be written as
where L V : Θ X → Θ X . In this form this formula is basically equivalent to Feng-Ma's localization formula [11] .
Proof. The proof of the localization formula in equivariant cohomology as given in [4] 
This reduces the proof of the localization formula to the case E = {0}. Let us denote by δ V = ∂ − V the "holomorphic equivariant" differential for the complex
Choose a Hermitian metric on X and, denoting by : T 0 1 X → Ω 1 0 X the corresponding homomorphism, let θ = (V )/ V 2 (so θ is of type (1,0) ). Using the injection Ω 1 X C → D * E , θ may be regarded as a cochain in Q 1 E . Note that (δ V θ) 0 = − so that δ V θ is invertible in the ring of differential forms away from the zeroes of V if = 0, and one has
so that δ V α = γ (again, away from the zeroes of V ). If we set
with
then away from the zeroes of V one has γ 2 = ∂ with
Note that (γ) 0 = γ 0 . Denoting by the zeroes of V , let B ( ) be a ball of radius (with respect to the Hermitian metric we chose) with center . Then by the Stokes theorem and equation (10)
Let Z be the component of Z supported on . Since we may replace each ball B ( ) with a polydisk of radius, say, , comparing with the definition (5) of the Grothendieck residue we get
and therefore we obtain the expression of the right-hand side of the localization formula. The reader may also consult the proof of [7, formula (9) ].
Remark 3.4.
If we take E = {0} and consider only classes γ in C[ ] ⊗ Ω (X ) , this localization formula reduces to Liu's formula [16, Theorem 1.6].
Example 3.5.
If E = O X , the exact sequence (1) splits, and one has
O X (where = dim C X ) has the form
where ω ∈ Ω X C (X ) and η ∈ Ω −1 X C (X ).
Let V be a holomorphic vector field on X with isolated nondegenerate zeroes. If ω 2 ∈ Ω 2 X C (X ) and ∈ C ∞ (X ) are such that ∂ω
O X is a cocycle, i.e., δ V ω = 0. The localization formula (8) gives
where are the zeroes of V and J are the Jacobian determinants of the components of V at those zeroes. Equation (11) is a kind of complex Duistermaat-Heckman formula (but ω 2 need not be nondegenerate).
The existence of the holomorphic vector field V with isolated zeroes, and of nontrivial ω 2 satisfying ι V ω 2 = ∂ , puts conditions on the variety X . If X = P 1 , such a vector field obviously exists, and a simple check, using the Fredholm alternative for the Laplacian on functions on P 1 , shows that for any choice of ω 2 , there exists a function satisfying ι V ω 2 = ∂ . (∂ω 2 = 0 is automatic.)
Moment maps
We develop some further techniques, in particular we introduce an appropriate notion of moment map. Let K be the curvature of the Chern connection ∇ of the pair (E ) (where is a Hermitian metric on E ), i.e., the unique connection on E which is compatible both with the holomorphic structure of E and the metric . Let V be a holomorphic vector field on X , with isolated zeroes, and let V be a lift of V . The moment map µ is the C ∞ endomorphism of E given by
Lemma 3.6.
The moment map µ enjoys the following properties:
where K is the curvature of ∇; (ii) µ( ) = L V for all zeroes of V , where L V : E → E is the endomorphism induced by the differential operator V (note that at the zeroes of V , the differential operator V has degree 0).
Proof. The first claim is proved as in [5] by the following chain of identities. Let be a vector field of type (0 1) on X and a section of E .
The second statement is evident.
We define the equivariant curvature of the Chern connection as K = K + µ. By using the connection ∇ to split the exact sequence
we may regard K as an element in Q 3 E .
Lemma 3.7.
For every ≥ 0, the cochain tr K ∈ Q 2 E is closed, i.e., δ V tr K = 0.
Proof. After splitting the exact sequence (13), the complex Q
• E acquires a bigrading; let Ω 1 X C have bidegree (1 0), and End(E ) bidegree (0,1). Then tr K has bidegree (2 0), while ∂ D E has bidegree (1,0), and V has a piece of bidegree (−1 0) (which is basically V ) and a piece of bidegree (0 −1). Then one has
with the last equality being due to the Bianchi identities and the definition of the moment map.
Example 3.8.
Assume that E is a line bundle M and define γ( ) = 2π 
Bott's formula
To recover Bott's classical formula we set E = Θ X . Any holomorphic vector field V on X has a lift to a differential operator V on Θ X , which is V itself acting as a Lie derivative. At the zeroes of V this defines an endomorphism
X C is an isomorphism. We assume that the zeroes of V are nondegenerate.
Let P be the -th invariant elementary polynomial on the Lie algebra gl( C), where = dim X . We use the normalization of [12] . We define the equivariant Chern classes of X as (X ) = P 2π
and the equivariant Chern classes of the endomorphisms
Note that ( ) = det L V Let Φ be a polynomial in variables whose degree in the -th variable is , and such that =1 = . By Lemma 3.7, the quantity Φ(
is a cocycle in Q
• Θ X . The localization formula (8) in this case reads
i.e., we recover Bott's formula. (One uses the formula from Lemma 3.1; note that the determinant in the denominator of the residue is just the Chern class ( ).)
The twisted case
One can also write a localization formula in the case when V is a global section of Θ X ⊗ L , where L is a holomorphic line bundle. The advantage in making such a twist is that if X is projective, then by the Serre theorem one can always choose L so that there exist sections of
If L is an effective line bundle, i.e., L O X (D) for an effective divisor D in X , the localization formula we shall obtain contains Baum-Bott's formula for meromorphic vector fields [3] and Carell-Liebermann's formula [9] as special cases.
A new cohomology complex
We define a new cohomology complex by setting 2
with a grading and differential defined as in the previous case. Moreover, we may define a map
where σ is the anchor D E → Θ X . We also define
and η ∈ Ω 0 X (X ) are such that η(α) = 1. Note that for = 2 + 2 one has (ψ) ∈ Ω 2 X C (X ) and for = 2 , (ψ)
Instead of the identity (9) we have now
where ∂ D E is now any of the ∂-operators of the sheaves Λ D E
and ∂ L is the ∂-operator of a suitable power of L . Again, we define a complex Q
Localization formula in the meromorphic case
We can now state and prove the localization formula for the meromorphic case. is such that δ V γ = 0, we have
Proof. The proof of Theorem 3.2 works also in this case with only minor modifications. By using the identity (16) we reduce again the proof to the case E = {0}. Note that in this case,
We need to fix Hermitian metrics both in X and on L , and define θ as the image of the complex conjugate of V in Γ(Ω 1 0 X ⊗ L ) via the induced Hermitian metric on Θ X ⊗ L . The computation in the proof of Theorem 3.2 also works in this case; indeed, since the zeroes of V are isolated, around any we can find a neighbourhood over which L trivializes.
Remark 4.2.
Proposition 2.1 and Remark 3.4 can be extended to the meromorphic case, obtaining the cohomology complex and the localization formula, Theorem 6.6, described in [16, Section 6].
Twisted moment maps
In the presence of the line bundle L we need to slightly modify the moment map construction of the previous section. As before, we fix a Hermitian metric on E and denote by K the curvature of the corresponding Chern connection. The moment map µ is again defined by equation (12), with V a section of Θ X ⊗ L and E → E ⊗ L a differential operator which lifts it. This moment map enjoys the properties
with L V defined as in Lemma 3.1.
Carrell-Liebermann's formula
The Carrell-Liebermann formula is obtained from the formula (17) just making a specific choice of the cocycle γ. We assume that L O X (D) for an effective divisor D in X . Thus we have maps L 1 → L 2 whenever 1 ≤ 2 . This allows us to regard the traces of the powers of the equivariant curvature K = K + µ as cocycles in Q • E .
Let P be an Ad-invariant polynomial on the algebra gl( C) of × complex matrices, and let Φ be the polynomial expressing P( (E )) in terms of the Chern classes 1 (E ) (E ), i.e.,
After setting K = K + µ, we define the equivariant Chern forms of E as
Finally, we note that evaluating the polynomial P on the homomorphism
The localization formula (17) now gives
Corollary 4.3 (Carrell-Liebermann's localization formula).
Under the same hypotheses as in Theorem 4.1, we have
Proof. We only need to check that if we make the choice γ = Φ( 1 (E ) (E )), then the residue of (γ) 0 at coincides with Res V Z (P(L V )). This follows from the equality
We can use Example 3.5 to show that our localization theorem is indeed more general than the Carrell-Liebermann formula. Indeed, if we take E = O X , since the Atiyah class of O X is zero, for every nonzero polynomial P the CarrellLiebermann formula (19) simply yields the identity (15), i.e.,
cf. Example 3.8. Note that it is implied by equation (11) taking ω 2 = 0, = 1.
Baum-Bott formula
Given a line bundle L on X , which we assume to be effective, Baum-Bott's meromorphic vector field theorem is a localization formula which expresses the Chern numbers of the virtual bundle Θ X − L * as a sum of residues. One can deduce that formula from our general localization formula (17).
Let V be a global holomorphic section of Θ X ⊗ L , that is, a meromorphic vector field on X having isolated zeroes. In general, it does not lift to a differential operator V : Θ X → Θ X ⊗ L . One can try to define a lift locally, using a trivialization of L and extending the Lie derivative by linearity with respect to the coefficients in L . The local expressions in general do not match, but the mismatch is a multiple of V , so that one obtains a well-defined object in Hom Θ X Z (Θ X ⊗ L ) Z , where Z is the zero-cycle of the zeroes of V , as before. If we evaluate a polynomial P on this object, we obtain a well-defined residue. From one viewpoint, the content of Baum-Bott's meromorphic vector field theorem is that this residue computes a Chern number of the virtual bundle Θ X − L * .
We shall now offer a proof of this fact, basically following [7] . Let {U } be an open cover over which L trivializes and for each let be a generator of L (U ). Moreover, let {ρ } be a (smooth) partition of unity subordinated to {U } and let ω be connection forms, each defined on U , of the Chern connection ∇ for Θ X given by a Hermitian metric on X . We define
where V is the local lift of V defined above. We have K ∈ Ω 1 1 (End(Θ X )), µ ∈ Γ(End(Θ X ) ⊗ L ), and, as in subsection 4.3, ∂µ = V K . Note that if L O X , one can make choices such that K is the curvature of the Chern connection and µ is a moment map. Now, a direct calculation shows the following.
Lemma 4.5. The proof is similar to the one in subsection 3.4, but using the endomorphism-valued forms K and µ we have just defined and taking Lemma 4.5 into account.
